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3.1.3 Magic momentum

It is evident fromm 3.21 that for an appropriate choice of � that the e↵ect of the E field vanishes.
If g/2=1 then it vanishes as � ! 1. Let’s imagine an electric ring with radial electric field. The
momentum is perpendicular to the field and with just the right momentum to travel in a purely
azimuthal direction. There is no magnetic field in the lab frame and very little in the rest frame as
B ⇠ � ⇥E. So at low energy there is almost no precession and the precession frequency is much
less than the cyclotron frequency.

Now we increase E-field and momentum so the muon continues to propagate azimuthally. The
magnetic field in the rest frame is bigger and the precession frequency begins to catch up with the
cyclotron frequency. If g=2, then the precession frequency continues to lag the cyclotron frequency
until � ! 1. But since g > 2, the precession frequency scales a bit more quickly with momentum.
At low � precession lags, but at higher � precession leads cyclotron frequency. The cross over is
the magic momentum. HW

3.1.4 Spin and polarization, spin tune, spin resonance

Since in a magnetic guide field we can write the BMT equation sa
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we see that the polarization in the lab frame rotates 1 + G� times faster than the velocity, where
G = g/2� 1. The number of precessions per turn is the spin tune. No rotation of polarization in a
drift (nd no change in velocity). In a longitudinal field the polarizaiton is rotated out of the plane.
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Polarization	in	lab	frame	rotates																							times	faster	than	velocity	
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Relative	precession	per	unit	length	

Reff⌦ = 2⇡⌫ = 2⇡G�
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Spin	tune	
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Propagation	through	finite	length	at	B	
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In	longitudinal	field	
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Propagation	of	spin	is	a	succession	of	rotations	

3.1. MAGNETIC DIPOLE MOMENT CHAPTER 3. SPIN

As the particle traverses B the spin will be rotated by ⌦. The field depends on position in
quadrupoles etc., but if the angle of the particle is small then the field is constant through the
element, and we can write a rotation matrix for the element that simply rotates the spin vector.
The product of the rotations for the elements around the ring will corresponds to a rotation by the
spin tune. Propagation through a finite length (or time) corresponds to a rotation ✓ = q

�mG�Bdt

about the vertical axis (z) In a longitudinal field

� =
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e
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Propagation through a vertical field comprises a rotation of G�
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(3.24)

where ↵, beta and � are the direction cosines ⌦̂ · x̂, ⌦̂ · ŷ and ⌦̂ · ẑ and C = cos(⌦s), S = sin⌦s)
A couple of examples of ~⌦

Horizontal bend :
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V ertical bend :
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Quadrupole : �1 + ⌫0
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@By

@x
[yx̂+ xẑ]

The eignevalues of an orthogonal matrix are ±1 so the eigenvector is a closed spin trajectory.
There is some orientaton that closes, just like with the phase space of the orbit. Resonance A
reference axis about which the spin rotates can be defined n by propagating the closed spin trajec-
tory around the ring. Multiply all the matrices to optain total spin precession transformation Rtot,
for one revolution. right handed orthonormal base (n̂, m̂, l̂) with n̂ rotatin axis of Rtot is chosen.
Multiply by R(s) to propagate around the ring. In one turn n̂ is restored.
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(3.25)

Eigenvalues are exp(±i2⇡⌫). n̂ is the direction of net polarization.In a planar geometry without
imperfections, ⌫ = �(g�2)/2.. n̂ coincides with the direcitno of the guide field. n̂ can deviate from
ŷ if there are imperfections and ⌫ is near an integer. The polarization of a nearly polarized electron
is

S ⇠ n̂+ ↵m̂+ � l̂, |↵,�| ⌧ 1.

3.1.5 Resonances

In a synchrotron the beam accelerates and � increass with a resonance whenever G� = N . For a
proton that’s every 523 MeV, and for an electron 441 MeV. Some care is required to accelerate a
polarized beam without depolarizing.
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↵ = ⌦̂ · x̂
� = ⌦̂ · ŷ
� = ⌦̂ · ẑ
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S = sin(⌦s)

C = cos(⌦s)
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3.1. MAGNETIC DIPOLE MOMENT CHAPTER 3. SPIN

As the particle traverses B the spin will be rotated by ⌦. The field depends on position in
quadrupoles etc., but if the angle of the particle is small then the field is constant through the
element, and we can write a rotation matrix for the element that simply rotates the spin vector.
The product of the rotations for the elements around the ring will corresponds to a rotation by the
spin tune. Propagation through a finite length (or time) corresponds to a rotation ✓ = q

�mG�Bdt

about the vertical axis (z) In a longitudinal field

� =

Z lsol/⌫

0

e

�m
(1 +G)Bsoldt = (1 +G)

eBsollsol

p

Propagation through a vertical field comprises a rotation of G�
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(3.24)

where ↵, beta and � are the direction cosines ⌦̂ · x̂, ⌦̂ · ŷ and ⌦̂ · ẑ and C = cos(⌦s), S = sin⌦s)
A couple of examples of ~⌦

Horizontal bend :
By

B⇢0
[�ŷ + ⌫0y

0
ẑ]

V ertical bend :
Bx

B⇢0
[�x̂+ ⌫0x

0
ẑ]

Quadrupole : �1 + ⌫0

B⇢0

@By

@x
[yx̂+ xẑ]

The eignevalues of an orthogonal matrix are ±1 so the eigenvector is a closed spin trajectory.
There is some orientaton that closes, just like with the phase space of the orbit. Resonance A
reference axis about which the spin rotates can be defined n by propagating the closed spin trajec-
tory around the ring. Multiply all the matrices to optain total spin precession transformation Rtot,
for one revolution. right handed orthonormal base (n̂, m̂, l̂) with n̂ rotatin axis of Rtot is chosen.
Multiply by R(s) to propagate around the ring. In one turn n̂ is restored.
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(3.25)

Eigenvalues are exp(±i2⇡⌫). n̂ is the direction of net polarization.In a planar geometry without
imperfections, ⌫ = �(g�2)/2.. n̂ coincides with the direcitno of the guide field. n̂ can deviate from
ŷ if there are imperfections and ⌫ is near an integer. The polarization of a nearly polarized electron
is

S ⇠ n̂+ ↵m̂+ � l̂, |↵,�| ⌧ 1.

3.1.5 Resonances

In a synchrotron the beam accelerates and � increass with a resonance whenever G� = N . For a
proton that’s every 523 MeV, and for an electron 441 MeV. Some care is required to accelerate a
polarized beam without depolarizing.
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For	example	

~Sf = R~Si
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The	product	of	rotations	through	each	element	



The	rotation	matrix	R	is	orthogonal	with	eigenvalues		 ±1
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The	eigenvector	is	a	closed	spin	trajectory.		

Accelerating	beam	hits	a	spin	resonance	whenever		G� = N
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Every	523	MeV	for	protons	
											441	MeV		for	electrons	
												91.3	GeV	for		muons	

Snake	
Longitudinal	field	rotate	spin	about	velocity	vector	
	
		 � = ⇡ ! �⌫ =

1

2
� ⌫
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Full	snake	



Spin	tune	in	g-2	ring	

At	the	magic	momentum	

G =
1

�2 � 1
= 0.001166

� =

✓
1

G
+ 1

◆1/2

⌫ = G� = (G2 +G)1/2 = 0.034
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Spin	resonance	in	g-2ring	

Skew	octupole	multipole	

Bx / y3 cos(s/R)
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y = Ay cos

✓
Qys

R

◆
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Spin	resonance	in	g-2ring	

Skew	octupole	multipole	

y3 cos(s/R) = A3
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Spin	resonance		

3Qy � 1 = G� = 0.034
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